Explicit models for the restricted conformal group of the Einstein static universe of dimension greater than two and for its universal covering group are constructed. Based on these models, as an application we determine all oriented and time-oriented conformal Lorentz manifolds whose restricted conformal group has maximal dimension. They amount to the Einstein static universe itself and two countably infinite series of its compact quotients.
Introduction
Let E 1,n I and E 1,n II denote the conformal compactifications of Minkowski (n + 1)space (n ≥ 2), realized respectively as the sets of oriented and unoriented null lines through the origin in pseudo-Euclidean space R 2,n+1 . Endowed with the Lorentz structures inherited from R 2,n+1 , they are known in the literature with the name of (compact) (1 + n)-Einstein universes. Topologically, E 1,n I ∼ = S 1 × S n and E 1,n II ∼ = S 1 × S n /{±1}, where −1 acts by the antipodal map on both factors. The space E 1,n I is orientable. Instead, if n is even, E 1,n II is not orientable, and E 1,n I is an orientable double covering of E 1,n II . The (1 + n)-Einstein static universe is the product space E 1,n ∼ = R× S n with the Lorentz product metric −dt 2 + g S n , where g S n denotes the standard metric of S n (cf. [6, 15, 16] ). The space E 1,n is the universal covering of both E 1,n I and E 1,n II . The Einstein universes E 1,n I , E 1,n II (n odd), and E 1,n are examples of oriented, time-oriented, conformal Lorentz manifolds of dimension n + 1. For an oriented, time-oriented, conformal Lorentz manifold (M, [g]) of dimension n + 1 ≥ 3, we let C ↑ + (M) denote the restricted conformal group of M, i.e., the group of conformal transformations preserving orientation and time-orientation. It is well-known that C ↑ + (E 1,n I ) ∼ = O ↑ + (2, n + 1) and C ↑ + (E 1,n II ) ∼ = O ↑ + (2, n + 1)/{±I}, where O ↑ + (2, n + 1) is the identity component of O(2, n + 1), the pseudo-orthogonal group of a scalar product of signature (2, n + 1) (cf. [9, 12] and Section 2.6). As for E 1,n , it is known that C ↑ + (E 1,n ) ∼ = O ↑ + (2, n + 1), where O ↑ + (2, n + 1) is a central extension of O ↑ + (2, n + 1) which can be obtained as a quotient of index 2 of the universal covering group O ↑ + (2, n + 1) of O ↑ + (2, n + 1). In the following, O ↑ + (2, n + 1) will be referred to as the canonical covering of O ↑ + (2, n + 1). It is important to observe that: (1) both the Lie groups O ↑ + (2, n + 1) and O ↑ + (2, n + 1) do not have faithful finite dimensional representations, so that there are no nice models for them as Lie groups of matrices; 1 (2) the restricted conformal groups of E 1,n I , E 1,n II (n odd), and E 1,n have the largest possible dimension for a Lorentz manifold of dimension n + 1, namely N = (n + 3)(n + 2)/2 (cf. Section 2 for more theoretical details on the restricted conformal group of a Lorentz manifold).
The purposes of this paper are twofold. The first is to provide explicit models for the Lie groups O ↑ + (2, n + 1) and O ↑ + (2, n + 1), that is, to describe the underlying group manifolds and the respective group multiplications. The second purpose is to use the models for O ↑ + (2, n + 1) and O ↑ + (2, n + 1) to address the question of the characterization of oriented, time-oriented, conformal Lorentz manifolds (M n+1 , [g]) (n ≥ 2) whose restricted conformal group C ↑ + (M) has maximal dimension. The main results of the paper are presented in three theorems, which we now illustrate individually.
Theorem A provides explicit models for the canonical covering O ↑ + (2, n + 1) and for the universal covering O ↑ + (2, n + 1). The underlying group manifolds are described explicitly as hypersurfaces in O ↑ + (2, n + 1) × R and in Spin(2, n + 1) × R, and the respective group multiplications are given by single global formulas. Our approach was inspired by the basic construction of a manifold underlying the universal covering of a Lie group G with π 1 (G) = Z given in [29] , and by the construction of nontrivial central extensions of the real symplectic group Sp(2n, R), such as the circle extension Mp c (2n, R) and the universal covering group Sp(2n, R) (cf. [29, 30] ). The idea of this method, in turn, has its origin in the classical work of Bargmann [4, 5] on the irreducible unitary representations of the Lorentz group.
Theorem B proves that the Lie group O ↑ + (2, n + 1) constructed in Theorem A is indeed isomorphic to the restricted conformal group of the Einstein static universe E 1,n . It also describes the restricted conformal groups of two countably infinite series of compact quotients of E 1,n , namely E 1,n I,k (k ≥ 1) and E 1,n II,k (k ≥ 0; n odd), called the integral compact forms of the first and second kind with index k, respectively. In particular, E 1,n I,1 = E 1,n I and E 1,n II,0 = E 1,n II , which are referred to as the standard compact forms. Interestingly enough, the restricted conformal group of any integral compact form attains the maximum dimension N . It is important to observe that two integral compact forms with different indices in the same series, as well as two integral compact forms in different series, cannot be conformally equivalent. This is proved in Proposition 7.
Theorem C proves that if a connected, oriented, time-oriented, conformal Lorentz manifold of dimension n+1 (n ≥ 2) has a restricted conformal group of maximal dimension N , then it is conformally equivalent to either E 1,n or to an integral compact form E 1,n I,k or E 1,n II,k . The above characterization provides conformally nonequivalent geometric models for the Lorentz manifolds with an essential 2 restricted conformal group of maximal dimension. Observe in particular that these models are all conformally flat. An interesting problem is to investigate the possibility of providing for the examples studied by Alekseevsky [3] suitable geometric models which are locally but not globally conformally equivalent to each other.
We conclude by recalling that in the Riemannian case, in contrast to the result of Theorem C, a conformal Riemmannian manifold (M, [g]) of dimension n ≥ 3 with a conformal group of maximal dimension must be conformally diffeomorphic to S n with its natural conformal structure (cf. [21, 23, 26] ).
The paper is organized as follows. Section 2 collects and reformulates some known facts about conformal Lorentz geometry for the purpose of the discussion. More specifically, it describes the Einstein static universe and its compact quotients, and among the compact quotients distinguishes two countably infinite families, the integral compact forms of the first and second kind. The construction of the Cartan conformal bundle and of the normal conformal Cartan connection for an oriented, time-oriented, conformal Lorentz manifold M of dimension n + 1 ≥ 3 is then briefly recalled. A classical result of Cartan and Kobayashi on the conformal group of a Riemannian manifold (cf. [11, 21] ) is then extended to the case of the restricted conformal group of a Lorentz manifold. This technical result, which was indeed largely predictable, will play an important role in the proofs of Theorems A and B. Finally, the special examples E 1,n I and E 1,n II are discussed. Section 3 constructs the canonical covering O ↑ + (2, n + 1) of O ↑ + (2, n + 1) using the transitive action of O ↑ + (2, n + 1) on the irreducible bounded symmetric domain of type IV, regarded as a homogeneous space of (n + 1) × 2 real matrices (cf. [7, 10, 17, 18, 19, 31] ). The group manifold of the canonical covering is realized explicitly as an embedded submanifold of the product O ↑ + (2, n+1)×R and the group multiplication defining the Lie group structure is given by a single global formula. The center of O ↑ + (2, n + 1) is also computed. This is the content of Theorem A. By a similar construction, an explicit realization of the universal covering group of O ↑ + (2, n + 1) is obtained. We then prove that O ↑ + (2, n + 1) is isomorphic to the restricted conformal group of the Einstein static universe and describe the restricted conformal groups of the integral compact forms. This is the content of Theorem B. Section 4 proves that if the restricted conformal group of an oriented, timeoriented Lorentz manifold M has maximal dimension, then M is conformally equivalent to either the simply connected Einstein static universe, or to one of its integral compact forms. This is the content of Theorem C.
The Einstein static universe and the integral compact forms
In this section we introduce two infinite series of compact quotients of E 1,n , the so-called integral compact forms of the first and second kind. These include as special cases the compact Einstein universes E 1,n I and E 1,n II (n odd), also called standard compact forms of the first and second kind. We then present a direct construction of the Cartan conformal bundle and of the normal conformal Cartan connection for a conformal Lorentz manifold without resorting to the abstract theory of prolongation of G-structures. We reformulate, for conformal Lorentz manifolds, a classical result on the conformal group of a Riemannian manifold. As an example, we describe the restricted conformal groups of the standard forms E 1,n I and E 1,n II (n odd).
2.1.
Preliminaries. For given integers p, q, 1 ≤ p ≤ 2, p < q, let R p,q denote R m , m = p + q, with the nondegenerate scalar product
x j y j = t xGy of signature (p, q), where x 0 , . . . , x m−1 denote the coordinates with respect to the standard basis e = (e 0 , . . . , e m−1 ) of R m . Let O ↑ + (p, q) denote the identity component of the pseudo-orthogonal group of (2.1). For the purpose of conformal geometry, instead of the canonical coordinates, it is convenient to use the coordinates u = t (u 0 , . . . , u m−1 ) defined by u = D p x, where D p ∈ GL(m, R) is given by
Here E h k , 0 ≤ h, k ≤ m − 1, denotes the elementary m × m matrix with 1 in the (h, k) place and zero elsewhere. In the coordinates u = t (u 0 , . . . , u m−1 ) the scalar product (2.1) takes the form
The Lie algebra of M ↑ + (p, q) will be denoted by m(p, q).
The elements of H ↑ + (p, q) can be written as where ı : S n ֒→ R n+1 denotes the inclusion map. On E 1,n we consider the time-orientation given by requiring that the unit timelike vector field ∂ τ is futuredirected, and the orientation induced by the volume form
. The motivation for this terminology is that E 1,n is a static solution of Einstein's equation with a positive cosmological constant [13, 16] . This solution was proposed by Einstein himself as a model of a closed universe filled with a perfect fluid of constant pressure and energy density [15] . The physical relevance of the Einstein universe is due to the fact that every Friedmann-Robertson-Walker spacetime can be conformally embedded in E 1,n [16] .
Compact quotients:
The integral compact forms. Let τ * > 0 be a positive real number. The subgroup T τ * of the isometry group R × SO(n + 1) generated by the translation T τ * : (τ, y) → (τ + τ * , y) acts properly discontinuously on E 1,n . This action preserves the Lorentz metric ℓ E , the volume element Ω E , and the time-orientation. The quotient manifold E 1,n /T τ * possesses a unique Lorentz metric ℓ E,τ * , and a unique orientation and time-orientation, such that the covering map π τ * : E 1,n → E 1,n /T τ * is a local isometry preserving orientation and timeorientation. Definition 1. If τ * = 2kπ, k a positive integer, the quotient manifold E 1,n /T τ * , denoted by E 1,n I,k , is referred to as the integral compact form of the first kind with index k. In this case, the covering π τ * will be denoted by π I,k . When k = 1, the integral compact form E 1,n I,1 coincides with E 1,n I , and is referred to as the standard compact form of the first kind. The integral forms E 1,n I,k are all diffeomorphic to
Remark 1. The standard compact form E 1,n I = (R/2πZ) × S n ∼ = S 1 × S n . Here S 1 is the unit circle viewed as a multiplicative subgroup of C, and the isomorphism R/2πZ ∼ = S 1 is induced by t → e it . The conformal structure on E 1,n I is given by the Lorentz metric −dθ 2 + g S n , where θ : R/2πZ → S 1 is the argument function. For a positive integer k, the map p k : S 1 × S n ∋ (x, y) −→ (x k , y) ∈ S 1 × S n defines a k : 1 covering. Therefore, the integral form E 1,n I,k can be thought of as S 1 × S n with the conformal structure induced by the Lorentz metric ℓ E,k = p k * (−dθ 2 + g S n ) = −k 2 dθ 2 + g S n . Notice that p k : E 1,n I,k → E 1,n I is a k : 1 Lorentzian covering map.
If n is odd, the map T ′ τ * : (τ, y) → (τ + τ * , −y) is an isometry that preserves the orientation and the time-orientation. The subgroup T ′ τ * generated by T ′ τ * acts properly discontinuously on E 1,n . Consequently, the quotient manifold E 1,n /T ′ τ * inherits a unique Lorentz metric ℓ ′ E,τ * and a unique orientation and time-orientation such that the covering map π ′ τ * : E 1,n → E 1,n /T ′ τ * is a local isometry preserving orientation and time-orientation. Definition 2. If n is odd and τ * = (2k +1)π, k a non-negative integer, the quotient manifold E 1,n /T ′ τ * , denoted by E 1,n II,k , is called the integral compact form of the second kind with index k. In this case, the covering π ′ τ * will be denoted by π II,k . When k = 0, the integral compact form E 1,n II,0 coincides with E 1,n II , and is referred to as the standard compact form of the second kind. Notice that also the integral forms E 1,n II,k are diffeomorphic to S 1 × S n . If n is even, this is not true anymore.
2.4. The Cartan conformal bundle. Let us start by recalling some definitions and fixing some notation. Definition 3. Two Lorentz metrics g and g ′ on a manifold M are said to be conformal to each other if g ′ = r 2 g, for some smooth function r : M → R. The conformal class of g is [g] = {g ′ | g ′ is conformal to g}. A conformal Lorentz structure on M amounts to the assignment of a conformal class [g] of Lorentz metrics on M.
A conformal Lorentz manifold (M, [g]) is an oriented, connected smooth manifold M of dimension n + 1 ≥ 3 with a conformal Lorentz structure [g] . We assume that the conformal structure is time-orientable, i.e., that the bundleṄ(M) of nonzero timelike tangent vectors is disconnected. A time-orientation is defined by the choice of a connected componentṄ ↑ (M) ofṄ(M).
A conformal transformation of (M, [g]) is a diffeomorphism F : M → M that preserves the conformal class [g], that is, F * ([g]) = [g]. A restricted conformal transformation is a conformal transformation which, in addition, preserves the orientation and the time-orientation. Let C ↑ + (M) denote the group of all restricted conformal transformations of (M, [g]). We call C ↑
The set CO ↑ + (M) of all positive linear conformal frames at all points of M defines a principal fiber bundle over M, π C : CO ↑ + (M) → M, with structure group
As a subbundle of the bundle L(M) of linear frames over M, CO ↑ + (M) defines a CO ↑ + (1, n)-structure on M. By a positive linear conformal frame field is meant a local section of π C . Let CO ↑ + = {A α } α∈C denote the sheaf of positive linear conformal frame fields. For each α ∈ C, let U α ⊂ M be the domain of definition of
and put * y β α = (−y β,1 α , y β,2 α , . . . , y β,n+1 α ).
It is now a computational matter to check thatΓ = {Ȧ β α } (α,β)∈C2 defines aCech 1cocycle with values in H ↑ + (2, n+1) on the given covering of M. Consequently, see for instance [20 Remark 2. The construction of Q(M) from CO ↑ + (M) is a particular instance of the procedure known as prolongation of a G-structure (see [21] ). Starting from a G-structure P ⊂ L(M), there is a canonical way to construct a G 1 -structure P 1 ⊂ L(P ). This construction can be repeated on P 1 to obtain a G 2 -structure P 2 , and so on. If G ⊂ GL(M, R) is a Lie subgroup of finite order, say k, then G k = {e}, and the kth prolongation P k is an {e}-structure. The bundle P k−1 encodes all relevant pieces of information about the local geometry of the G-structure. Usually, geometries of infinite order (e.g., complex, contact or symplectic geometries) do not have local invariants. In the case at hand, Q(M) = CO ↑ + (M) 1 and Q(M) 1 is an {e}structure on Q(M), since the group CO ↑ + (1, n) has order 2. 2.5. The normal conformal connection. Let A α be a positive linear conformal frame field of M defined on U α and ω α = t (ω 1 α , . . . , ω n+1 α ) the corresponding dual coframe field. Then the quadratic form
belongs to the conformal class [g] on U α . Consequently, there exists a unique o(1, n)valued exterior differential 1-form
We write
where the functions (R α ) i jhk are the local components of the Riemann curvature tensor of ℓ α with respect to A α . The Ricci tensor components (R α ) jh and the scalar curvature R α are given by
and consider the m(2, n + 1)-valued 1-form φ α given by
By similar calculations as those performed in the Riemannian case in [24, Chapter 1, Section 4] for determining the transformation rules, under a conformal metric change, of the components of the Levi-Civita connection and of the modified Ricci tensor in the expression of η α,j , it can be verified that if
According to [20, Proposition 1.4, page 66], we can thus state the following. Proposition 1. There exists a unique exterior differential 1-
Remark 3. Using block matrix notation, the normal connection takes the form
. . . , n + 1, is a 1-form taking values in the Lie algebra o(1, n). The connection form φ satisfies the following basic properties.
( Here ξ * stands for the fundamental vector field on Q(M) generated by ξ. 6 A form is semibasic of it annihilates the vertical vector fields. Theorem 2 (S. Kobayashi) . Let N be an n-dimensional differentiable manifold with an absolute parallelism, i.e., a coframe {η 1 , . . . , η n } of globally defined 1-forms which are linearly independent at each point of N . Let G = Aut({η i }) be the group of automorphisms of the absolute parallelism, i.e., the group of diffeomorphisms
The submanifold structure on this image makes G into a Lie transformation group.
Accordingly, taking into account the above discussion, we can state the following. 
Here, for each g ∈ G,L g denotes the conformal prolongation of L g (cf. Remark 3). In particular, dim G ≤ dim Q(M) = 1 2 (n+3)(n+ 2). If dim G = 1 2 (n + 3)(n + 2), then: (1) The mapping j is a diffeomorphism and Q(M) inherits from G the structure of a Lie group with neutral elementȦ * . Moreover, G and Q(M) are isomorphic to C ↑ + (M), the restricted conformal group of M.
is the maximal integral submanifold throughȦ * of the left-invariant, completely integrable Pfaffian differential system generated by the 1-forms n+1 ) and N 1 (R 2,n+1 ) denote, respectively, the manifolds of all oriented and unoriented isotropic lines through the origin in R 2,n+1 . For a nonzero isotropic vector x ∈ R 2,n+1 , we let |[x]| and [x] denote, respectively, the oriented and the unoriented line spanned by x. Consider the smooth maps
where ρ 1 (τ ) = t (cos τ, sin τ ). The first map is invariant under the action of T 2π , while the second is invariant under the action of T ′ π . They induce smooth diffeomorphisms
). Since for n even, E 1,n II is not orientable, we will only consider E 1,n II when n is odd. In this section we will build a nontrivial central extension O ↑ + (2, n + 1) of the pseudo-orthogonal group O ↑ + (2, n + 1) and will describe its center Z(2, n + 1).
3.1.
Transitive action of O ↑ + (2, n + 1) on the classical domain of type IV. Definition 6. Let Ω IV denote the set of (n + 1) × 2 real matrices defined by Ω IV := β ∈ R(n + 1, 2) | I 2 − t ββ > 0, i.e., I 2 − t ββ is positive definite .
The set Ω IV can be thought of as the open domain of R(n + 1, 2) consisting of all (n + 1) × 2 matrices β = (u v) whose column vectors u, v ∈ R n+1 satisfy 7
that is,
Remark 4. Let D denote the bounded domain of C n+1 defined by
The domain D is known in the literature as the (complex) Lie ball. If n = 0, it is the unit disk, D, and if n = 1, D ∼ = D × D. According to Hua [18, §13] , the Lie ball D can be identified with the matrix domain Ω IV . In fact, the mapping H : D → Ω IV , defined by
is a diffeomorphism of D onto Ω IV . Actually, if one identifies the matrix β = (u v) with the vector u + iv ∈ C n+1 , in order to obtain an almost complex structure on Ω IV , the map H becomes a holomorphic diffeomorphism. The domain D (n ≥ 2) is a classical irreducible bounded symmetric domain of type IV (cf. [7, 10, 17, 18, 19] for more details). Notation 1. Let X ∈ O ↑ + (2, n + 1) be written in block form as
where a(X) ∈ R(2, 2), b(X) ∈ R(2, n+ 1), c(X) ∈ R(n+ 1, 2), d(X) ∈ R(n+ 1, n+ 1) and a(X) b(X) c(X) d(X)
Since X preserves time and space-orientation, the timelike part a(X) is invertible with det a(X) > 0. Similarly, the spacelike part d(X) is invertible and det d(X) > 0.
With the above notation, it is easy to show that the group O ↑ + (2, n + 1) acts transitively on Ω IV by
For a proof of this fact we refer to [18, §12] . The isotropy group at the origin
This gives a coset expression for Ω IV ,
The canonical projection of O ↑ + (2, n + 1) onto Ω IV ,
makes O ↑ + (2, n + 1) into a principal bundle over Ω IV with group SO(2) × SO(n + 1). The following is a well-known property of classical domains [17, 19] . For future use, we state it explicitly for Ω IV .
Lemma 4. The domain Ω IV is star-shaped with respect to the origin O IV = 0 (n+1)×2 . In particular, Ω IV is contractible.
Remark 5. The above property of Ω IV also follows from the general approach to irreducible bounded symmetric domains based on the theory of Riemannian symmetric spaces. In fact, the domain Ω IV may be given the structure of a Riemannian symmetric space of noncompact type. As such, it has non-positive sectional curvature and negative definite Ricci tensor, which implies that Ω IV is simply connected, and hence diffeomorphic to Euclidean space R 2(n+1) (cf. [17, 27] ).
) denote the Grassmannian of negative 2-planes, i.e., the Grassmannian of 2-dimensional subspaces V of R 2,n+1 on which the scalar product , is negative definite.
The matrix domain Ω IV can be identified with G − 2 (R 2,n+1 ) by the mapping
. In fact, we have the following.
) is a smooth diffeomorphism. Proof. By construction, j is injective, differentiable and of maximal rank. Thus it suffices to show that j is surjective. Let V ∈ G − 2 (R 2,n+1 ) be a negative 2-plane and let (v 1 , v 2 ) be an orthogonal basis of V. Let us write t v 1 = ( t x, t y) and t v 2 = ( t x ′ , t y ′ ), where x, x ′ ∈ R 2 and y, y ′ ∈ R n+1 . The vectors x, x ′ and y, y ′ satisfy the identities
First, observe that x and x ′ must be different from zero. In fact, if x or x ′ were zero, the first equation in (3.2) would imply 0 ≤ y = −1 or 0 ≤ y ′ = −1, which is a contradiction. Next, we claim that x and x ′ are linearly independent. Seeking a contradiction, suppose that x ′ = tx, for a nonzero real number t. If we write y ′ · y = y ′ y cos θ, where θ ∈ [0, π], the identities (3.2) can be rewritten as
By the first condition in (3.3), it follows that x > 1. Taking this into account, the previous equation implies x 2 (1 + t 2 ) − 1 = 0, which is the desired contradiction. Now, since x and x ′ are linearly independent, the 2 × 2 matrix (x x ′ ) is invertible and β = (y y ′ )(x x ′ ) −1 is an element of Ω IV such that j(β) = V.
Construction of the canonical covering. For each
. . , δ n+1 j ), j = 1, . . . , n + 1, and, as above, be the smooth maps defined by
Moreover, for each t ∈ R, let
We have the following. Lemma 6. The map a : Ω IV → GL + (2, R) has the following invariance properties:
for each β ∈ Ω IV , R ∈ SO(n + 1), and r ∈ SO(2). In addition, there exists a unique smooth map η :
for each β ∈ Ω IV and r ∈ SO(2).
Proof. From the definition of P : Ω IV → O ↑ + (2, n + 1), it follows that
5)
for each β = (u v) ∈ Ω IV . This implies that a(R β) = a(β), for every R ∈ SO(n + 1). For r ∈ SO(2) and β ∈ Ω IV , we have A direct computation taking into account (3.4) and (3.5) shows that
This implies that the left hand side of (3.6) belongs to the fiber (π − 2 ) −1 (β r −1 ). As a consequence, we can write As for the existence of η, consider the map η : Ω IV × SO(2) → SO(2), (β, r) −→ a(β r −1 ) −1 r a(β) r −1 .
To conclude the proof it suffices to show that η is homotopic to a constant map.
Since Ω IV is star-shaped with respect to the origin O IV , we can define the smooth map υ : Ω IV × SO(2) × R → SO(2), (β, r, t) −→ η(tβ, r). By construction, υ(β, r, 1) = η(β, r) and υ(β, r, 0) = I 2 . This shows that υ is a homotopy between the constant map I 2 and η, which proves the claim.
Let
• m : Ω IV × Ω IV → Ω IV , • r : Ω IV × Ω IV → SO(2), and • R : Ω IV × Ω IV → SO(n + 1) be the smooth maps defined by requiring that
Since Ω IV is simply connected, there exists a unique map Θ :
and ζ(X, X ′ ) = Θ π − 2 (X), Ψ(X) π − 2 (X ′ ) ψ(X) −1 + η π − 2 (X ′ ), ψ(X) , for each X, X ′ ∈ O ↑ + (2, n + 1). We are now in a position to state the first main result of the paper.
Theorem A. The subset of O ↑ + (2, n + 1) × R given by
gives O ↑ + (2, n + 1) the structure of a Lie group with neutral element (I n+3 , 0) and inverse (X, τ ) −1 = (X −1 , −τ − ζ(X, X −1 )). Moreover, the map
is a covering homomorphism of Lie groups. If Z(2, n + 1) denotes the center of O ↑ + (2, n + 1), then (1) Z(2, n + 1) = {(I, 2πk) | k ∈ Z} ∼ = Z, if n is even;
The proof of Theorem A is organized in four lemmas.
Lemma A1. The subset O ↑ + (2, n + 1) is an embedded submanifold diffeomorphic to Ω IV × R × SO(n + 1) and σ is a covering map.
Proof. Let (X * , τ * ) be an element of O ↑ + (2, n + 1) and U ⊂ O ↑ + (2, n + 2) be a contractible open neighborhood of X * . Then there exists a unique differentiable function υ : U → R such that ψ(X) = ρ(υ(X)), for every X ∈ U , satisfying υ(X * ) = τ * . Choose ǫ ∈ (0, π) and let
) is bijective and of maximal rank. Thus, it is a diffeomorphism of Ω IV ×R×SO(n+1) onto O ↑ + (2, n + 1). By construction, σ is a smooth surjective submersion. So, to conclude the proof it suffices to prove that each X * ∈ O ↑ + (2, n + 1) has an open neighborhood which is evenly covered by σ. Choose τ * ∈ R such that ρ(τ * ) = ψ(X * ) and let U * ⊂ O ↑ + (2, n + 1) be the open neighborhood
. We now prove that U * is evenly covered. For each k ∈ Z we consider the open neighborhood of O ↑ + (2, n + 1) defined by
Obviously, U k ∩ U k = ∅, for every h, k ∈ Z, h = k. By construction, k∈Z U k ⊂ σ −1 (U * ). Let (X ′ , τ ′ ) be an element of σ −1 (U * ). Then X ′ ∈ U * and ρ(τ ′ ) = ψ(X ′ ) = ρ(τ * + π). Hence, τ ′ = τ * + π mod 2πZ. Therefore, there exists a unique k ∈ Z such that τ ′ ∈ (τ * − π + 2πk, τ * + π + 2πk). This implies that (X ′ , τ ′ ) ∈ U k . Consequently, k∈Z U k and σ −1 (U * ) coincide. Choose k ∈ Z and let σ k : U k → U * be the restriction of the map σ to U k . Then, σ k is a differentiable bijection of maximal rank and hence is a homeomorphism. This concludes the proof.
Lemma A2. The maps ψ, ζ, and ρ are related by
. Proof. First we show that, for each β ∈ Ω IV and S(r, R) ∈ SO(2) × SO(n + 1), (3.8) ψ (S(r, R) P(β)) = ρ (η(β, r)) r.
By Lemma 6, a(R β) = a(β), for each β ∈ Ω IV and R ∈ SO(n + 1). Arguing as in the proof of Lemma 6, from
it follows that S(r, R) P(β) ∈ (π − 2 ) −1 (R β r −1 ). Therefore, we can write = ρ (η(β, r)) r.
Let X and X ′ be two elements of O ↑ + (2, n + 1) and write
where β = π − 2 (X) and β ′ = π − 2 (X ′ ). By (3.8) and (3.10), we obtain
as claimed.
Lemma A3. Let O ↑ + (2, n + 1) be defined as above. The multiplication
defines a Lie group structure on O ↑ + (2, n + 1) with neutral element 1 = (I n+3 , 0) and inverse (X, τ ) −1 = (X −1 , −τ − ζ(X, X −1 )).
Proof. First, we show that 1 = (I n+3 , 0) is a neutral element for the multiplication. By definition, 1 ⋆ (X, τ ) ∈ σ −1 (X), for each (X, τ ) ∈ O ↑ + (2, n + 1). Then we can write 1 ⋆ (X, τ ) = (X, τ + 2πk(X, τ )), where k : O ↑ + (2, n + 1) → R is a smooth map with integral values. Since O ↑ + (2, n + 1) is connected, k is constant. By construction, k(1) = 0. This implies that 1 is a left neutral element. The same reasoning shows that 1 is also a right neutral element. Next, we prove that each (X, τ ) ∈ O ↑ + (2, n + 1) has a right inverse. Choose and fix (
This implies that τ + τ ′ + ζ(X, X −1 ) = 2πm, for some m ∈ Z, from which it follows that (X, τ ) ⋆ (X −1 , τ ′ − 2πm) = 1. We now prove that the right inverse is also a left inverse. Let (X, τ ) ∈ O ↑ + (2, n + 1) and let (X −1 , τ ′ ) be a right inverse of (X, τ ). We then have τ ′ = −τ − ζ(X, X −1 ), and hence
This implies that the image of the smooth map ζ : O ↑ + (2, n + 1) ∋ X −→ ζ(X −1 , X) − ζ(X, X −1 ) ∈ R belongs to 2πZ, from which it follows that ζ is constant. Since ζ(I n+3 ) = 0, we conclude that ζ vanishes identically. Thus (X −1 , τ ′ ) is a left inverse and the map
Since the multiplication of O ↑ + (2, n+1) is associative, Ξ(X, τ ) belongs to σ −1 (I n+3 ). We can thus write Ξ(X, τ ) = (I n+3 , h(X, τ )), where h : O ↑ + (2, n + 1) → R is a smooth function taking values in 2πZ. This implies that h is constant. On the other hand, h(1) = 0, which implies Ξ = 1, and hence the associativity of the product. This concludes the proof.
Lemma A4. Let Z(2, n + 1) denote the center of O ↑ + (2, n + 1). Then,
Proof. If n is even, the center Z(2, n + 1) of O ↑ + (2, n + 1) is trivial, while if n is odd, the center is {±I n+3 }. Thus, if n is even, σ −1 (Z(2, n+ 1)) = {(I, 2πk) | k ∈ Z}, and if n is odd, σ −1 (Z(2, n+1)) = ((−1) k I, πk) | k ∈ Z . By construction, Z(2, n+1) ⊂ σ −1 (Z(2, n + 1) ). Suppose first that n is even. Take (I, 2πk), k ∈ Z, and consider the smooth map , and hence f k (X, τ ) = (I, 2πk). This implies that (I, 2πk) belongs to the center of O ↑ + (2, n + 1), which shows that Z(2, n + 1) = {(I, 2πk) | k ∈ Z}, as claimed. Suppose now that n is odd. Arguing as above, we can show that {(I, 2πm) | m ∈ Z} ⊂ Z(2, n + 1). Next, take (−I, π(1 + 2k)), k ∈ Z, k = 0. Then the smooth map , π(1 + 2k) ), which implies f k (X, τ ) = (−I, π(1 + 2k)), for every (X, τ ) ∈ O ↑ + (2, n + 1). From this it follows that {(−I, π(1 + 2k)) | k ∈ Z} ⊂ Z(2, n + 1).
The four lemmas combine to give the proof of Theorem A. Remark 6. Let s : Spin(2, n + 1) → O ↑ + (2, n + 1) be the 2:1 spin covering group of O ↑ + (2, n + 1) (cf. [25] ). Then, the universal covering group of O ↑ + (2, n + 1) is the embedded submanifold of Spin(2, n + 1) × R defined by S(2, n + 1) = {(X, τ ) ∈ Spin(2, n + 1) × R | ψ(s(X)) = ρ(τ )} with the multiplication (X, τ ) * (X ′ , τ ′ ) = (XX ′ , τ + τ ′ + ζ(s(X), s(X ′ ))). Note that S(2, 3) is the universal covering group of Sp(4, R) while S(2, 4) is the universal covering group of SU (2, 2) . In particular, this implies that O ↑ + (2, n+ 1) cannot have a finite dimensional matrix representation (see, for instance, [29] ).
Lorentz manifolds with conformal group of maximal dimension
In this section, we prove that the central extension O ↑ + (2, n + 1) of O ↑ + (2, n + 1) is isomorphic to the restricted conformal group of the Einstein static universe and show that the integral compact forms of the first and second kind admit a restricted conformal transformation group of maximal dimension. Conversely, we prove that a conformal Lorentz manifold of dimension n + 1 ≥ 3 with restricted conformal group of maximal dimension is conformally equivalent to either the Einstein static universe, or to one of its integral compact forms.
4.1.
The restricted conformal group of E 1,n and its integral compact forms. The deck transformations of the covering π I,1 : E 1,n → E 1,n I are the translations
Let ξ : Ω IV × R × E 1,n → S 1 be the smooth map defined by
Choose O E 1,n = t (0, (1, 0, . . . , 0)) ∈ E 1,n as an origin. Since Ω IV × R × E 1,n is simply connected, there exists a unique smooth map ξ : Ω IV × R × E 1,n → R, such that Then, L covers the action of O ↑ + (2, n + 1) on E 1,n I , that is, π I,1 • L = L • (σ, π I,1 ). This implies that L (X,ϑ) is an orientation and time-orientation preserving conformal transformation of E 1,n .
To complete the proof of Theorem B we need the following.
Lemma B1. The map L defines an effective left action of O ↑ + (2, n + 1) on the Einstein static universe by restricted conformal transformations. Then, the restricted conformal group of E 1,n is isomorphic to O ↑ + (2, n + 1).
Proof of Lemma B1. First, note that L (I,0) = Id E 1,n . In fact, L (I,0) is a deck transformation of the covering π I,1 and by definition and (4.2),
This implies that L (I,0) = Id E 1,n . We now prove that
The composition L (X * ,ϑ * ) −1 • L (X * ,ϑ * ) is a deck transformation of the covering π I,1 . Consider a smooth path [0, 1] ∋ s → (X(s), ϑ(s)) ∈ O ↑ + (2, n + 1), such that (X(0), ϑ(0)) = (X * , ϑ * ) and (X(1), ϑ(1)) = (I, 0). Put λ s = L (X(s),ϑ(s)) −1 • L (X(s),ϑ(s)) and consider the smooth map given by f : [0, 1] × E 1,n ∋ (s, (τ, y)) −→ f (s, (τ, y)) = λ s ((τ, y)) ∈ E 1,n .
By construction, λ s : E 1,n → E 1,n is a deck transformation of the covering π I,1 , and hence f (s, (τ, y)) = (τ + 2πk, y), where k : [0, 1] → Z, s → k(s), is independent of s. Since, by (4.2), f (1, O E 1,n ) = O E 1,n , i.e., λ 1 (O E 1,n ) = O E 1,n , we have that λ s (O E 1,n ) = O E 1,n , and hence λ s = Id E 1,n for every s ∈ [0, 1]. In particular, λ 0 = L (X * ,ϑ * ) −1 • L (X * ,ϑ * ) = Id E 1,n , which implies that L (X * ,ϑ * ) is a conformal diffeomorphism of E 1,n with inverse L (X * ,ϑ * ) −1 . We now show that L (X * ,ϑ * )⋆(X ′ * ,ϑ ′ * ) = L (X * ,ϑ * ) • L (X ′ * ,ϑ ′ * ) , for every (X * , ϑ * ), (X ′ * , ϑ ′ * ) ∈ O ↑ + (2, n + 1). Let Φ ((X * ,ϑ * ),(X ′ * ,ϑ ′ * )) be the restricted conformal automorphism of E 1,n defined by Φ ((X * ,ϑ * ),(X ′ * ,ϑ ′ * )) = L (X * ,ϑ * )⋆(X ′ * ,ϑ ′ * ) −1
• ( L (X * ,ϑ * ) • L (X ′ * ,ϑ ′ * ) ). By definition, Φ ((X * ,ϑ * ),(X ′ * ,ϑ ′ * )) is a deck transformation of π I,1 . Next, consider the smooth paths [0, 1] ∋ s → (X(s), ϑ(s)) ∈ O ↑ + (2, n+1) and [0, 1] ∋ s → (X ′ (s), ϑ ′ (s)) ∈ O ↑ + (2, n + 1), such that (X(0), ϑ(0)) = (X * , ϑ * ), (X(1), ϑ(1)) = (I, 0) and (X ′ (0), ϑ ′ (0)) = (X ′ * , ϑ ′ * ), (X ′ (1), ϑ ′ (1)) = (I, 0), respectively. Consider the differentiable map f : [0, 1] × E 1,n ∋ (s, (τ, y)) −→ Φ ((X(s),ϑ(s)),(X ′ (s),ϑ ′ (s))) ∈ E 1,n .
Then, for every s ∈ [0, 1], the map f s : E 1,n ∋ (τ, y) → f (s, (τ, y)) ∈ E 1,n is a deck transformation of π I,1 . Consequently, there exists k ∈ Z, such that f (s, (τ, y)) = (τ + 2πk, y). Since f 1 = Id E 1,n , it follows that f s = Id E 1,n , for every s ∈ [0, 1]. This implies that
. We now prove that the action L is effective. Suppose L (X * ,ϑ * ) = Id E 1,n . Since the action of O ↑ + (2, n + 1) on E 1,n I is effective, we have X * = I n+3 and ϑ * = 2πk, where k ∈ Z. Then, L (In+3,2πk) (τ, y) = (τ + 2πk, y). Since L (X * ,ϑ * ) = Id E 1,n , we must have k = 0 and hence (X * , ϑ * ) = (I n+3 , 0). We have shown that O ↑ + (2, n + 1) is a connected Lie group acting effectively and transitively on E 1,n by restricted conformal transformations. Since O ↑ + (2, n + 1) has dimension (n + 3)(n + 2)/2, it follows from Theorem 3 that O ↑ + (2, n+ 1) is isomorphic to C ↑ + (E 1,n Using the fact that (I, 2πk) belongs to the center of O ↑ + (2, n + 1), the left-hand-side of (4.5) can be written as From (4.5) and (4.6), it follows that k = mh, m ∈ Z. Since h, k > 0, m > 0. Repeating the argument for the inverse map f −1 yields h = nk, n ∈ Z, n > 0. In conclusion, if f is a conformal diffeorphism, then k = h.
(2) Suppose f : E 1,n II,k → E 1,n II,h is a conformal diffeomorphism. Letf : E 1,n → E 1,n be the conformal transformation that covers f and letḟ be the conformal prolongation off . As above,ḟ coincides with the left multiplication by an element (H, τ ) of O ↑ + (2, n + 1) and, for each (t, x) ∈ E 1,n , f ((t, x)) = L (H,τ ) (t, x) .
Asf covers f ,f takes the fibers of the covering π II,k : E 1,n → E 1,n II,k to the fibers of the covering π II,h : E 1,n → E 1,n II,h . In particular, taking into account that T ′ h (cf. Definition 8) is the deck transformation group of π II,h , we have From (4.7) and (4.8), it follows that 2k + 1 = (2q + 1)(2h + 1), q ∈ Z. Since h, k ≥ 0, 2q + 1 > 0. Repeating the argument for the inverse map f −1 yields 2h + 1 = (2s + 1)(2k + 1), s ∈ Z, 2s + 1 > 0. Therefore, if f is a conformal diffeomorphism, k = h.
(3) Seeking a contradiction, we suppose that f : E 1,n II,k → E 1,n I,h is a conformal diffeomorphism. Arguing as in the proof of points (1) and (2), we are led to (t + (2k + 1)π, −y) = (t + 2πmh, y), m ∈ Z, which is the desired contradiction.
4.2.
Lorentz manifolds with restricted conformal group of maximal dimension. In this section, we prove the following result about Lorentz manifolds with restricted conformal group of maximal dimension.
Theorem C. Let M be a (n + 1)-dimensional, n ≥ 2, connected, oriented, timeoriented conformal Lorentz manifold such that dim(C ↑ + (M)) = 1 2 (n + 3)(n + 2).
Then
(1) If M is simply connected, then M is conformally equivalent to the Einstein universe E 1,n . (2) If M is not simply connected and n is even, then M is conformally equivalent to an integral compact form of the first kind of the Einstein universe. , and hence it is isomorphic to H ↑ + (2, n + 1); • H ′ is the maximal integral submanifold through e ′ of the left-invariant completely integrable Pfaffian differential systems generated by the 1-forms φ ′ j 0 , j = 1, . . . , n + 1. Analogous conclusions hold for the Einstein static universe, namely: n+1) is a Lie group acting effectively on E 1,n by restricted conformal transformations;
• the normal conformal connection of Q(E 1,n ), denoted by φ ′′ , coincides with the Maurer-Cartan form; • Let e ′′ ∈ Q(E 1,n ) be the neutral element and put p ′′ * = π Q(E 1,n ) (e ′′ ). The stabilizer of the point p ′′ * coincides with the fiber π −1 Q(E 1,n ) (p ′′ * ). It is a closed Lie subgroup H ′′ ⊂ Q(E 1,n ), isomorphic to H ↑ + (2, n + 1). • H ′′ is the maximal integral sub-manifold through e ′′ of the left-invariant completely integrable Pfaffian differential systems generated by the 1-forms φ ′′ j 0 , j = 1, . . . , n + 1. For point (1), let S(2, n + 1) be the universal covering group of Q(E 1,n ). Since M is connected and the fibers of Q(M) are connected, from the exact homotopy sequence of a principal bundle [32] , in this case π Q : Q(M) → M, it follows that Q(M) is connected. Hence S(2, n + 1) is also the universal covering group of Q(M). Let pr 1 : S(2, n + 1) → Q(M), pr 2 : S(2, n + 1) → Q(E 1,n ) be the corresponding covering homomorphisms. They can be chosen in a way that
where φ is the Maurer-Cartan form of S(2, n + 1). Let e ∈ S(2, n + 1) be the multiplicative unit and H be the maximal integral submanifold trough e of the completely integrable Pfaffian differential system generated by φ 1 0 , . . . , φ n+1 0 . The universal covering S(2, n + 1) acts almost effectively on M and E 1,n . Let H ′ and H ′′ be the stabilizers of these actions at p ′ * and p ′′ * , respectively. Since S(2, n+1), M, and E 1,n are connected and simply connected, from the exact homotopy sequence of a principal bundle it follows that H ′ and H ′′ are connected. By construction, they are integral manifolds of the Pfaffian differential system φ 1 0 = · · · = φ n+1 = 0. Hence H ′ = H ′′ = H. Therefore, M and E 1,n are both diffeomorphic to the homogeneous space S(2, n + 1)/ H. Thus there exists a unique diffeomorphism Φ : M → E 1,n , such that Φ • π M = π E 1,n , where π M : S(2, n + 1) → M, π E 1,n : S(2, n + 1) → E 1,n are the two natural bundle maps. Now we show that Φ is an orientation and time-orientation preserving conformal map. We cover M with a family {U α } α∈C ′ of simply connected open neighborhoods such that, for each α ∈ C ′ , there exists a cross sectionȦ α : U α → Q(M). For each α, we choose a liftȦ ′ α ofȦ α to S(2, n+ 1). Then, the mapḂ α := pr 2 •Ȧ ′ α • Φ −1 : Φ(U α ) → Q(E 1,n ) is a cross section of Q(E 1,n ). Put φ α =Ȧ * α (φ ′ ) and φ α =Ḃ * α (φ ′′ ). Then, (Φ −1 ) * ( φ α ) = φ α . Hence, (φ α 1 0 , . . . , φ α n+1 0 ) and ( φ 1 α,0 , . . . , φ n+1 α,0 ) are two positive oriented and time-oriented conformal coframes, defined on the open neighborhoods U α ⊂ M and Φ(U α ) ⊂ E 1,n , respectively, such that (Φ −1 ) * ( φ i α,0 ) = φ α i 0 , i = 1, . . . , n + 1. This implies that the restriction of Φ to U α is an orientation and time-orientation preserving conformal diffeomorphism.
As for points (2) such that L πC(g) • p M = p M • L g . This implies that G acts by orientation and time-orientation preserving conformal automorphisms. Thus, dim(C ↑ + (M * )) = (n + 3)(n + 2)/2. By the first part of the proof, we may conclude that M * can be identified with E 1,n and G with C ↑ + (E 1,n ) ∼ = O ↑ + (2, n + 1). In addition, the action of O ↑ + (2, n + 1) descends to an action on M = E 1,n /Γ. This implies that, for every (Z, τ ′ ) ∈ Γ and every (X, τ ) ∈ O ↑ + (2, n + 1), we have p M • ( L (X,τ ) • L (Z,τ ′ ) • L (X,τ ) −1 ) = L (X,τ ) • p M • L (X,τ ) −1 = p M .
Then, for every (Z, τ ′ ) ∈ Γ, the image of the map f (Z,τ ′ ) : O ↑ + (2, n + 1) ∋ (X, τ ) −→ (X, τ ) ⋆ (Z, τ ′ ) ⋆ (X, τ ) −1 ∈ O ↑ + (2, n + 1) is contained in Γ. Since Γ is discrete and O ↑ + (2, n + 1) is connected, f (Z,τ ′ ) is constant, equal to (Z, τ ′ ). Therefore, Γ is a subgroup of the center Z(2, n + 1) of O ↑ + (2, n + 1). According to Theorem A, we have the following. 
